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SECOND ORDER EQUATIONS OF FIXED TYPE
IN REGIONS WITH CORNERS. I
BY
LEONARD SARASON

ABSTRACT. A class of well-posed boundary value problems for second order
equations in regions with corners and edges is studied. The boundary condition
may involve oblique derivatives, and edge values may enter the graph of the
associated Hilbert space operator. Uniqueness of weak solutions and existence of
strong solutions is shown.

Introduction. In this paper, we study boundary value problems for second order
linear partial differential equations of standard type (elliptic, parabolic, or hyper-
bolic), in regions with corners and edges. Our results also cover first order
two-by-two systems. Only interior corners with angles normalized as 7 /2 have been
considered, but much of the theory would appear to extend easily and with
minimal changes to problems with exterior corners. This work originated as an
attempt to understand formulas developed in [5] in the two-dimensional constant
coefficient elliptic case.

In Chapter I, we develop the existence and uniqueness theory for elliptic
problems with variable coefficients. The principal parts of the differential operator
and of the boundary conditions are real. The boundary conditions for the second
order equation are coercive and dissipative, in the sense that they lead to quadratic
a priori estimates. We begin with the basic (Garding) inequality (Theorem 1.1),
derived by integrations by parts combined with an estimate of the boundary values
of the solution u in terms of the H'! norm of u in the interior © of the region under
consideration. We are indebted to Stanley Osher for pointing out that Garding’s
inequality is available even with corners. If the boundary conditions involve
oblique derivatives, then an additional integration by parts of the boundary term is
required, leading in general to a quadratic term in the edge values of u. The
signature of this term determines (locally) whether or not u is to be prescribed
along the edge (this effect does not occur in dissipative problems for first order
systems). In §2, we use duality to show the existence of weak solutions (Theorem
2.1). In §3, we consider problems admitting the maximum principle. The existence
of solutions satisfying the maximum principle when the problem is not Dirichlet,
Neumann or Robin, is shown under special assumptions on the boundary condi-
tion (Theorem 3.1). We suppose that the boundary conditions involve oblique
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388 LEONARD SARASON

derivatives. Their tangential component (subtracting off a multiple of the conormal
derivative) determines a vector field. If the domain and vector field are well
approximable in a certain sense by domains with smooth boundaries and smooth
vector fields (this excludes problems for which the edge values of u are assigned),
then the approximating problems and, in the limit, the original problem, have
bounded solutions satisfying the maximum principle when the data are bounded.
In §5, we study the uniqueness of weak solutions, working partly with an associated
first order system (Theorems 5.1 and 5.2). In the presence of multidimensional
corners, we depend on the existence of bounded solutions, and this limits the
applicability of our results. The methods of this section do not cover the Neumann
or Robin problem, or mixtures of these. In the case of an edge, this gap is largely
filled by Corollary 10.3 of [5] which asserts the uniqueness of solutions of such
problems in the constant coefficient case (because the problem is elliptic, the result
extends to a large class of variable coefficient bases). §6 extends the above results
to certain equations with complex zero order terms in preparation for studying
evolution equations.

In Chapter I, we extend the results of Chapter I to the parabolic and hyperbolic
cases. In §7, we study parabolic problems via the standard resolvent inequality
(Proposition 7.1). In §88 and 9, we consider mixed problems for hyperbolic
equations. In §8, we derive a quadratic a priori inequality (Theorem 8.1) using
integrations by parts together with Gronwall’s inequality. Because integration by
parts is applied to the form (0,u, Lu),, the boundary condition will involve the
t-derivative of u (here the ¢ direction is timelike). In §9, we show the existence of
strong solutions for the hyperbolic problems considered (Theorem 9.1).

I. THE ELLIPTIC CASE-EXISTENCE AND UNIQUENESS

1. The set-up: a priori inequality. We shall consider corner problems in a domain
Q=0Q%" = RY X RM, N > 2, parametrized as

QVM = {x=(y,z):y ERQ’,ZERM}.

The differential operator L is a second order scalar operator of the form

N+M
L= 21 ot +ag, (L.1)
j=

where the a’s are first order operators:

N+M
o = kz o (x)9, + ap(x),  j=0,...,N+ M, a,=0ifj #0.
=1
Here a; (kK > 0) is in * and ay, is in €', uniformly in Q and L is assumed to be
uniformly elliptic:

D (% ozj,((x)g,()2 > k8, ¢ ERVM xeq, (1.2)

J
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with k5 > 0. We assume that the principal parts of the a’s,j = 1,..., N + M, are
orthogonal in the sense that

M
2o, =0, j#Fk 1<j,k<N+ M, (1.3),
11
and that «, has positive symmetric part:
N+M
oy + af =2a00— > (3;aq;) > kg > 0. (1.3),
k=1

All the coefficients above are assumed to be real valued. Denote the boundary 9%
by T, and denote the boundary faces 3@ N {x: x; =0}, =1,..., N, by I,
With
Lu — f, (1.4)
integration by parts of the form (u, Lu)g leads to the identity

(4 o = 3oyl + 3 (s, (g + o)

1
+ 2 (u, ajkaju)rk ) 2 (u, "‘Ok“)r,‘ (1.5)
0</,k k

satisfied by smooth function ¥ with bounded support. On I';, set

1
D, = 2 Qe &; — E%k-
J

We consider three types of boundary condition on each I';:

(a) ahomogeneous Dirichlet condition u = 0,

(b) an inhomogeneous Robin or Neumann condition
Du = Y (x)u — g(x),

(¢) a more general inhomogeneous condition

(1.6)

D,u = 2 Oy, + Y, u— g
1=k

Here ¥, and c,, are uniformly in C'.
If case (c) occurs, we may have to assign data also along the interfaces
T, = F; N T, as follows. Along I’ define
= {1 if ¢ + ¢; <0,
0 ifg + ¢y 20,
b = {1 if ¢ + ¢y >0,
0 ifcy + ¢y <0
We assume for simplicity that along each [';;, ¢, + ¢ is either identically zero or is
bounded away from zero, and supplement (1.6) with the ‘edge’ condition

(d) eyplcy + c))uy = hyonT,  whereu, =ujr,. (1.6)
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Here 4, = 0 if a homogeneous Dirichlet condition is prescribed either on I'; or on
I',. Define

T=UT, I'={UTueg >0} T"={U T:p >0}
Let us consider the effect on the boundary terms along I', of substituting (1.6) in
(1.5). In case (a) they are eliminated; in case (b), they are replaced by

(u, 1l’k()‘)“)r,, ~ (u, gk)l'k’ (1.7)
and in case (c), they are replaced by the sum of (1.7) and
E (u, Cklalu)l‘k' (1.8)
1%k

Integration by parts shows that (1.8) equals

1 1
3 Izk(cklu’ “)rk, - E(u’ (alckl)u)l"k' (1.9)
%

Thus with %, = uly, , w, = u|r,, and with the interior terms on the right-hand side
of (1.5) denoted by <u, u),, we get
1
(u, f) + 2 (wg)r, = <u, upy + 2 (“k’ (‘Pk 3 > (alckl))uk)
k Ik T
1

5 2 (uys Cklukl)rk,,
2 2

which we rewrite as
(u, f) + (u, g)r + (u, A)pr = {u, uyy + (u, pu)p — 3(u, (¢ + ¢4 )u)ps  (1.10)
where & = h, on T, N ['”. Set ¢|r, = ¢.
We want the right-hand side of (1.14) to be nonnegative with at least some
interior positivity. In particular, suppose
{u,uy, » ||Vu||§z + K||u||§, K >0, (1.11)
where K may be large. If ¢, > 0, k = 1,..., N, then the right-hand side of (1.10)
is positive definite and (1.15) below follows. If ¢, is not nonnegative, we set

M = sup l(‘bk)— (x)|,

x€Ty

and argue as follows. Suppose, as can always be done if K is sufficiently large, say,
K > K, that we can find g, >0, M, >0, k=1,...,N,0<6,<1,j=12,
such that §,K = K, and

> wM, <K, sup M 'y <80, (1.12)
Using the estimate
I, < 2lulla 1eule < Millula + M |3ulig, (1.13)
we deduce from (1.10),
(u, ) + (, r + (u, A)r- > (1 = 6)||Vullg + (1 — ) K] u|lq

1
+ E(u, lew + c,k|u)r,, (1.14)
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and another application of (1.13) together with Schwarz’ inequality and the
estimate ||u||p- < c|| k|| yields the a priori estimate

IVulla + (K = Dljula +ulr +|«l < QN0 + el +[4lF), (1.15)

where || ||_, is the norm in H ~ (), the space dual to H '(2) with norm
1/2
iy = (Q? + 17 1 = sup G 0)
o =
Note that if ¢, > 0, k =1,..., N, then (1.12) can be satisfied, and hence an

estimate of the form (1.15) holds with K — 1 replaced by K, for all K > 0. Finally,
if g = h = 0, then we may deduce directly from (1.14) the inequality

lulle < (K — Kp)|f]- (1.16)

The a priori inequalities (1.15), (1.16) are valid with any mixture of boundary

conditions on the various I')’s as described above, under the convention that a
homogeneous Dirichlet condition on I', corresponds to g, = 0. Thus we have

THEOREM 1.1. Under hypotheses (1.2), (1.3), (1.11), and (1.12), solutions u € @%(S_Z)
of the boundary value problem (1.4), (1.6) satisfy (1.15) and (1.16).

CorOLLARY 1.1. The conclusion of Theorem 1.1 is valid if we assume that
u € HXQ) rather than C3(Q).

2. Adjoint operator and existence of weak solutions. In order to compute adjoints,
we must define an operator £ in a Hilbert space setting, corresponding to the
boundary value problem (1.4), (1.6). On T';, define

Bu= —-Du+ ch,a,u—l\lfku, k=1...,N,
Ik

and on I'” N T, define
B'u= — (cjk + ckj)ujk.

Denote by T'_ the subset of I' on which the Dirichlet boundary condition is
assigned, and set I', = I\I'_. Let H!(Q) be the closure in H'(R) of the set of
smooth functions with bounded support and which vanish in a neighborhood of
T'_, and define Hilbert spaces

I = HL(Q) X LyT,) X Ly(I"),

I0* = HIUR) X Ly(T,) X Ly(T"),

where H [ !is the L,-dual (anti-dual) of H!.
The operator £y, mapping the dense subset of JC generated by functions
u € C3(Q) N H! into IC*, is defined as

£o: (4, ur, ur) - (Lu|g, Bu, B"u). 2.1
With L* the formal adjoint of L, integration by parts leads to the identity
(Lu, v)g + (Bu, v)r + (B"u, v)r-
= (u, L*v)g + (u, B*v) + (u, B*v), v € CYQ) n H), (2.2)
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with
B*vlr,nr, = — Do — X 9(cyo) + (¥, — ag)v,
J
B*v|r,, = (c;y + cy)v. (2.3)
Thus with U = (u, ur, ur), V = (v, vp.op.), and
LeV = (L*v|g, B*v|r, B*o|r), v € CYQ) n H2, (2.4)
we have
(U, V) = (U, E£¢V). (2.5)

Further, since £5* has the same properties as £, we find, if v admits 2, that

1
[9ol + (K = Dol +]jolf + 5 = euos’
< C(IL*VIE + B2V +] B VP), (26)

with some fixed C > 0, provided K > 0 is sufficiently large.

From (1.15), (2.5), (2.6), and a standard application of the Riesz representation
theorem shows that if (f, g, ) € IC*, then there exists a weak solution U =
(u, u, u*) € I, with u € H!(Q), of the problem

EU=(f 8 h); (2.7)
in particular, if v € G3(R), then
(f, v)g + (g )r + (h, 0)p = (4, L*V)q + (&, B*V)r + (4, B*V). (2.8)

We shall say that if U = (u, i, u*) € I satisfies (2.8), then U admits the weak
extension £, of £, and set £, U = (f, g, h). Thus we have proved

THEOREM 2.1. Under hypotheses (1.2), (1.3), (1.11) and (1.12), if K is sufficiently
large, that solutions v € C3(2) N H) of the adjoint problem £¢ (v, v, vp.) = F*
satisfy (2.6), then the boundary value problem

PU=F € 3*
has a solution U = (u, u, u*) € I, i.e., U satisfies (2.8).

REMARK 2.1. We can widen the data space slightly, as follows. For functions E

defined on T'¥, set
IEls =NEl/2 s ==%1/2,

where E, is the even extension of E to R¥*M~1_ Set

N7l = S ludi lelio = 2l
and let H*(T) be the closure of ®(T) with respect to the norm Il l| sry- Using
Nl 2y < cfjulli@y
(u, g) < inf(||ufls/2mllgl| - 1720y ([l -1/20 ]| 8ll1/20)):

we see that for a slightly different class of problems, we can admit data g €
H~'XT).
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3. Bounded solutions. Here we make additional assumptions which imply that
smooth solutions satisfy a maximum principle. In particular, we require that there
exist positive constants ¥ _, ¥, ¥, &,, ¢;, such that

(@) v, > d4(x) > ¥, >0, k=1,...,N,
(b) c(x) = ¢, >0,
where c¢(x) is the zeroth order term in L, and we require that at each point of
I' — I'”, some linear combination of the associated boundary operators B, has the
form

3.1

2 B, = é(x) V+‘i'(x),

where

©) 2wl < b @)
d ¢ >4

and C (x) either points from x into € or vanishes.

Let M;, M, and M, denote the maximum values of | f|, | g| and of |A|, which we
assume are finite. Then solutions u € @ of the boundary value problem (1.4), (1.6)
which tend to zero at infinity satisfy the maximum principle

|u| < max(yq 'M,, &5 2M,, {g '6,M,, &;M,), (3.2)
where &, = max(|c, + ¢,;| "), except that &, M, is defined as zero if M, = 0.
We can prove the existence of solutions satisfying (3.2) under additional hy-

potheses, as described in Theorem 3.1 and in Propositions 3.1 and 3.2 below; these
hypotheses ensure the existence of smooth approximating problems.

THEOREM 3.1. Assume (3.1). Suppose that all boundary conditions are of the forms
(1.6)(a), (b), or that all have the form (1.6)(c). In the latter case, we impose the
following further conditions:

mr =g
(2) There exists cog > 0 such that in a coy-neighborhood of each T, cyc,; < — cop
and such that in T, cop' > |G| > ok =1,...,N,withC, - V=2, ¢,,9,.

(3) There exist convex regions of & D Q, 1 > € > 0, with smooth boundaries T*
and there exist nondegenerate smooth vector fields C*¢ on I'® such that:
(@) Q2 N Qase O
(b) The set
[T =T, — e + eNe;

is contained in I*, where ¢; is the vector whose kth component equals 1 — &, if k <N,
and zero otherwise.

(¢) The principal curvature of T* is bounded by (coe) ™', 0 < & < 1.

(d) Define T° =T, T} =T}, So = U gcecs TN U 4o Tipo and C(x) = C4(x) if
x € T%; on S, we require that C € C'.

(€) There are parametrizations ¢*: RV*M~1 T of T® (e > 0), functions f°:
I'* - R, and ¢y > 0, such that f* € C' ife > 0, coo <f° < co"ol, and such that
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(@) ;% = (FC*) = &*,

(i) cop < [Myell < cgp's where ||J |l is the ratio w*/w* = |do/d(s, z)| of the
volume form on T to its pullback to RN*M~! via ¢,

(iii) The function ®: (s, z, €) — ¢°(s, z), is continuous in RN *M~1 X [0, &), and is
differentiable in (R¥*™~' x [0, D)\(¢ ™ (UT;) x {0}).

Under the above assumptions, if ¥ is sufficiently large, the boundary value problem
(1.4), (1.6) has a unique bounded weak solution (u, ur, ur) whenever the data f, g
belong to L, N L,.

Before proving Theorem 3.1, we shall describe two situations where the
boundary conditions are of type (1.6)(c) and where the hypotheses can be verified:

PROPOSITION 3.1. Suppose that the hypotheses of Theorem 3.1 are satisfied, except
that condition (3) is replaced by .

(3') There exists a parametrization ¢: RY+*M~1 T of T, satisfying the following
conditions:

(a) ¢ is piecewise smooth, and is smooth except along the preimage of UT .

(b) With (s, z) coordinates of R¥*M~! as before, we require that 3,¢ = C, ° ¢ for
(5,2) €E¢ T k=1,...,N.

(c) Define the formal matrix

(€ € c en+ M
3¢, /s 3¢,/ ds T Oy 4 5/ s
J = ¢, /92, ¢,/ 9z, T 9w+ 1/ 82,
¢ . .
\a¢l/azN+M—2 Oby 4 m/ 02N 4 pr-2 )
and set

[J,]| =|det J,| =|3¢/3s X 3¢/dz X - - = X3b/Bzy.s pyo| =|dd/d(s, 2)|.

We require that in a cy, neighborhood of any point in R¥*M~!  every convex
combination C(J,) of values of J, satisfies

(2¢0) ™" > ||det C(J,)]| > 2¢co0-

Then condition (3) is also satisfied.

PROPOSITION 3.2. Suppose that the hypotheses of Theorem 3.1 are satisfied, except
that condition (3) is replaced by :

(3") We shall say that C; < C, if ¢; < 0 and ¢;; > 0 along T, Suppose that the
C/’s are ordered by <, in that C; < C, < C, implies that C; < C,. Suppose that on
each T;, at least one coefficient c; never vanishes (1 < j < N,1 <k <N+ M), and
that all of the coefficients of the C;s are constant outside of some sphere, say,
|x| > cgo'. Finally suppose that the C;'s are in, say, C.

Then condition (3) of Theorem 3.1 is satisfied.
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Before proving Propositions 3.1 and 3.2, we give a simple example of a vector
field satisfying (3”). Let v be any vector in R¥** all of whose first N components
are positive, and let Z be the hyperplane {x: v-x = 0}. Define p to be the
orthogonal projection on Z, and define p; to be the restriction of p to I';. Let w be
any vector in Z which does not lie in the tangent plane of any pI';,. Then the
vectors

RS U
G’ =le~w| g7 on,
are ordered by <. We set C; = ejC}O, where the ¢’s are positive numbers such that
g < ¢ whenever C; < C,.
PROOF OF PROPOSITION 3.1. Let p: R¥*M~! 5, R be a Cg° function with total

weight 1 and support in the unit ball:
o) =1, W) >0, wy)=0 if|y>1,

and let
m(y) ="M "u(y/e), 0 <e
Then the convolution operator M, = p* is a standard mollifier.
Now we can define ¢ by
¢y = (M, ¢)y — N'%ee™,

where e is the vector whose first N components are 1 and whose remaining
components are zero. Then I'* = ¢*RV*M~! and we can define the vector field C*
on I by setting

C(x) = M(C ° ¢)|,m(e) x> (33)
where C is defined to equal C; on T, j = 1,..., N. Because C = 9,4 (condition
(3')(b)), and because 3/9s commutes with M,, we have C* o ¢ = M, 0,9 = o.M, p =
0,0°.

Hence functions F on R+ ¥ satisfy

WFo¢)=((C*-V)F) -9,
and C* is tangent to I'* and satisfies (3)(e)(i). The remaining hypotheses of Theorem
3.1 follow easily from well-known properties of the mollifiers M,.

PROOF OF PROPOSITION 3.2. Without loss, assume that the ordering given by < is
the natural one: C, < C, if j < k. As above, define the field C on T' by setting
C = C; on I;. The hypotheses of Proposition 3.2 imply that I' is covered by integral
curves of C originating in T}, traversing no I'; more than once, and ending in T,.
Because some C, is bounded away from zero on each I';, and because of the
ordering of the C’s, we have

LEMMA 3.1. (a) The lengths of the parts in |x| < cg' of the integral curves of the
field C, are uniformly bounded.
(b) Every integral curve x(t) of the field C (3,x = C(x)), satisfies

x(r) eTy, 9,x(1) = lim C\(x),
|x|—>o0,x€T

if t is sufficiently large negative.



396 LEONARD SARASON

With ™ as in the proof of Proposition 3.1, let Z be the hyperplane {x:
x-e™ =0}, let p denote orthogonal projection from T onto Z, and let »:
RY*M-1_, 7 be an orthogonal linear map. Define {: R¥*¥-! 5T by ¢t =p Y,

define {,, e > 0, by
£.0) = (M won)0) — e,y € RN+M=1

andset I'* = {, R¥*M~! For x € I'*, define
CS(X) = Me(c ° §)|y-§,_'x, (34)
and define C*(x) as the projection of C¢(x) along ¢’ on T (I*):

C(x) = C(x) = (¢ n(x))™(C5(x) - n(x))e™,
where n(x) is the interior unit normal to I'* at x.
That the fields C* satisfy condition (3)(d) of Theorem 3.1 and are smooth and

nondegenerate, and that their integral curves are perturbations of those of C
(C = C, onI) follows easily from

LEMMA 3.2. For all §, >0, 1 < j <k < N, let m‘,sg’ denote the 8,-neighborhood of
|
Jk

'rb.‘,sj’ = {x: |x — T, < 80}.

Then there exists & > 0 such that
(@)(@) if x € ny® N I\T}, then c; < — §,
(i) if x € 73° N I\T,, ¢ > 6,
(d) if x €T N i, then

(Co(x)), — (C3(x)); =C§(x) -, >8, e, =¢ — e,

(note that e, lies in Z),

©ifx e 'qji, then |C*(x)| > 6,

(d) the integral curves of the field C*(x) on I'* are the projections along e™’ on T* of
the integral curves of the projections along e™ on Z of the field C(x),

(e) C® o ¢, is in C'4 g5 a function of (s, z, €) in R¥N+*M~1 x R N x {0},
and is uniformly bounded,

(f) C* © ¢, is uniformly in C' in U 5 ¢, 'S, and C* is uniformly in C' in S,

PROOF. (a) is a consequence of the ordering of the C’s and of their uniform
continuity, (b) follows from (a) and from the fact that C§(x) is a convex combina-
tion of values of C(x) in U, njfs N T, (c) follows from (b) and from the fact that
Cs(x) is the orthogonal projection of C*(x) on Z, (d) is obvious, (¢) depends on a
straightforward (omitted) calculation using the nature of the construction and the
properties of mollifiers, and (f) depends on the properties of mollifiers and on the
fact that in constructing C*, only the values of C on a single T; and a single
invertible linear map p, are involved.

There remains to parametrize I¥, 0 <e < g, with I'° =T. Let w, =
lim ,,  er Ci(x), and let W, be the hyperplane

W,={x:x,=0x-w =0}
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Let p;: R¥Y**~2_ W, be an orthogonal linear map. Along integral curves of the
field C*, we require

, lir_noo (s(x) = x-wy, z2(x) — p; ' (x + ee?™?)) = 0,
together with the conditions

(@9)7(x) = (s(x), 2(x)), x €T,
39°(y) = C(»), y€RV¥MY
this parametrizes I'® as required. In particular, I'* = range ¢° because the maps ¢°*,

0 < ¢ < &y, are homotopic to ¢°. Proposition 3.2 is proved.

4. Proof of Theorem 3.1. Consider first boundary conditions of the form (1.6)(c).
It is convenient to define sets

Se = U (Tx + Me™ - 2¢,)), k=1,...,N,

A>0
So=U 8, =TS,
k
Extend the functions ¥,, k = 1, ..., N, smoothly to the complement Q° of &, in
such a way that (3.1)(a) continues to hold, and such that
¥, (x — Ae) = ¥, (x), A>0,x€eT,,

and let ¥(x) denote the vector (¥, . . ., ¥,). We extend the data f and g similarly,
fs0 as to be in Ly(R) N L () N C(Q°), ¢ >0, sup |f| < M, and g to be in
LT*) N L (@) N C(I®), ¢ > 0, with

g(x — Ag) = g(x), A>0,x €T,,sup |g| < M,.

Let u, be the solution of the boundary value problem

Lu,=f in, (4.1a),
with boundary condition
u,=0 onT* (4.1b),
if the original boundary condition was (1.6)(a), or else
Du, = r(x)(C%(x) - V)u, + (¥(x) - n)u, + g, x€eT, (4.1¢),

where n is the inner normal to I'®,
Jik

and r(x) > 0 is a piecewise smooth scale function to be chosen. For simplicity, we
adopt the notation o, F for 9,(F ° ¢).

With boundary conditions of the type (1.6)(a) or (1.6)(b), the existence of u, is
well known. With boundary condition (1.6)(c), we shall derive an a priori inequal-
ity, from which unique existence follows. In particular, integration by parts leads to
the identity

(4, g = Cthy U1 gry + (s [¥(X) - 1 + r(x)C(x) - Viw)e 4.2)
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The boundary form on the right-hand side of (4.2) will be uniformly positive as
e \ O for ¥, sufficiently large positive provided the form

(u,, (r(x)C*(x) - V)u,)r (43)
is bounded below uniformly in € for small positive e.
Let us rewrite (4.3) as

f u*r*J (3,u,) ds dz, (4.9)

where
J, = J|C 3"

and where we use the general notation F* to denote F o ¢, or F® o ¢, and
= |de,|/|ds dz|. Now (4.3) is bounded below by

inf [ —39,(r*J)J, " ] |uftes (4.5)

[
xeIe
where there is no danger of ambiguity, we shall write J for J,. To ensure that u,
approximately satisfies the proper boundary condition, we require r = 1 on S,

Because of hypothesis (2), one vector of the pair C;, C; points into I';, along Iy,
and one points out: say, G, points into I"J.k from I, and C, points into I, from Iy,
ie. ¢, < 0andcy; > 0.Since I = ¢, ¢; + ¢,; < 0 uniformly along I';,. Along I',
we have

jk/J; =|ij/"' >

where f is the restriction to T'; of J|C}|/|d,¢|. Hence J, decreases as we follow an
1ntegra1 curve § of the field C in I*\ U I7. Therefore we can choose r® to be
piecewise smooth, identically 1 in U T}, r > ry > 0, say, and such that r’(J )
decreases monotically along 9.

Since the term in brackets in (4.5) is nonnegative along I'*\ U I and is
uniformly bounded elsewhere, (4.3) is bounded, as desired.

Since the u,’s are uniformly bounded in H' N L, we can choose a sequence
& v 0 such that the restrictions w of u, to Q converge weakly in H' to a limit
u € H' n L, and such that the boundary values of u, on I'S converge weakly to
u|r in the sense that

(4.6)

— —_—
“e;lr:j Ur, “9»|r:n(r,‘—ee,‘) Ur,:

Clearly, u is bounded and satisfies (3.2).
We want to show that u satisfies (1.6). Since u°® is a weak solution, we have, with
any v € C(RVTM),

(f, v)as — (u,, L*0), — (8 O}y = — (u,, B®0)_, (4.7)

where B* — D is the L,(I'%) adjoint of B — D. As j — co, the terms on the
left-hand side of (4.7) tend to

(f’ D)Q - (u’ L*U)Q - (g’ U)I"
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The term on the right-hand side of (4.7) tends to —(u, B*v); + {, where

=} (%)
¢ 11_1)1(1) rgu%'B o ds. (4.8)
The measure m(I'? N supp v) is O (e), € \s 0. Since u, is bounded, we find that
¢ = lim f 3,(rJ|C*[)J "o dS. (4.9)
Forz € RM*M~! define
= U ¢e(s’ Z),
SER

and for x € T, set vr.(x) = v(x’) where x'(x) is the closest point in I" to T? 0 T,
Since vr(x) — v(x) = O(e) for x € T'?, and since u, is bounded uniformly in j, we
see from (4.7) that { is a linear functional on v, in L,(I"). Hence { can be
represented as

f up.B'*v ds, (4.10)
-

with . € L_(I").
To show that up.. € L,(I"), we rewrite (4.9) as

¢ = 11m dz(v(z)f uyas(rJ| ce)J ! dg), (4.11)
where v(z) = vp(x), x any point on I'? 0 T¢. By Schwarz’ inequality,
2 : 2 3 -1
1 d. 9 ds
< lim { [ a(jv%()) fmp (17| CY|)J ]

xf[f] u,[%8,(rJ|C* |)ds] dz. 4.12)

In (4.12), the integral [ d,(rJ|C®|)J ~'ds is bounded. Further, because of the
negativity of the term

—3,(r|Ce)J !

occurring in (4.5), we deduce from (4.2) by a slight modification of our previous
argument that in fact the integral in square brackets on the right-hand side of (4.12)
converges and is bounded independently of ¢ as € \y 0. Thus { can be estimated by

J ol s

and hence is a bounded linear functional of v in L,(I"). Since B’* has a bounded
inverse on I", it follows that u., as defined by (4.10), is in L,(I™).

In case the boundary conditions are homogeneous Dirichlet (1.6)(a) on some
sides and Neumann or Robin (1.6)(b) on others, the only significant new problem
is to define the boundary condition properly on I'*. Let a be the set of integers j
such that for j € a, the boundary condition is 4, = 0, and let 8 be the complement
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ofain {1,..., N}. On I'¥, define
sin2 § = njz, cos? @ =1 — sin? 6,
JEa

and let the boundary condition for u, be
[(cos® 0)D + sin®> § — ¥(x) - n cos® 0]u, = g,

where for simplicity we first approximate g by a smooth function which vanishes
on the curved part of I'*. The approximating problems have smooth weak solutions
which must therefore satisfy the maximum principle uniformly. Convergence as
¢ — 0 follows essentially as above, and we omit details.

Having proved the existence of a bounded weak solution, we turn to the question
of uniqueness. We want to show that any weak solution U = (u, ur, u) of the
homogeneous boundary value problem with u, u; and u.. bounded, is identically
zero. Suppose that U is such a solution, and let @, T%, I%°, %, |, T2* and T® be
the sets

Q8 = Q\{x: d(x, U e D) > & |x| <8},

I’ =392,

g% = TN\ {x: |x] = 8),

e =¥ n {x:d(x, L) =& d(x,I') > 2e} N T, J k, [distinct,

&,k
— 3T%.0 8

i+ =\ v otk Lejjer

I'® =718 n {x: |x] = §).

Since u is smooth in a neighborhood of £, we have the following analogue of

(1.10):

1
<u, u>l(9‘3) + 2 (u9 ¢ku)rkﬂrf - 5 2

(4, "kl“k)l‘,‘,,‘,,
k=l

k<N
= 2 2
- @(fn"o|u| ds + [ |u| |Vulds +frg+|u| ds), (4.13)

with dS and ds Lebesgue measure on the appropriate sets.
With {¢;} a sequence such that ¢; s 0 and

lim e |Vul* ds = 0, (4.14)

J—>© Jfrfj\rgf)
and with (4.13); denoting (4.13) with ¢ for ¢, we find that since
m(T%) + m(T7*) = 0(e),
the first and third terms on the right-hand side of (4.13); tend to zero as j — oo.
Let V) be the function on T, defined as

ViP(x) = u(x + ee) — u(x + ee,)
with ¢, and ¢, the kth and /th standard unit vectors. Since

VEN(x) = u(x + ee) + f"/za,,u d
0
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where tan 8 = x, / x,, we see from (4.14) that
. 2
lim || V{?|" = 0.
Jj—>o
Hence, with error tending to zero as j — oo, we can replace the sum
2 (s Ckluk)l‘f'k',
ksl

in (4.13) with the sum

2 3 (- +ea)ey + ul +ea))r,, (.15)

Now (4.15) is nonpositive, so that letting j — oo, we find

(%)

e + 3 (4, Du)r, e = e( L 194 as), .16)

with €, T'® and T'® the limits as ¢ — 0 of 2, T® and T'®.
With (1.13) replaced by the estimate

2 _
e < Myfuls + M |3ulgs +juflre,
we find as an analogue of (1.14) the estimate
IVulias +ufles < Cfrm'“l |Vu| dS. (4.17)

Now let 8 — oo through a sequence on which the right-hand side of (4.17) tends to
zero, as is possible since u € H'. In the limit, we find u = 0, as claimed. Theorem
3.1 is proved.

5. Uniqueness of the weak solution. We have been able to prove uniqueness in
case the coefficients have a translation invariance property along edges, or if the
boundary condition is Dirichlet except possibly on one face. Our result is contained
in Theorems 5.1 and 5.2 below.

THEOREM 5.1. Assume the hypotheses of Theorem 2.1, that all boundary conditions
are of type (1.6)(c), and that either N = 2 or the hypotheses of Theorem 3.1 hold.
Assume that there exists e, > 0 such that |c; + c¢,;| > €, along T, j # k. Finally,
assume that along each T, all coefficients a,;, a,, are independent of x3 if r > 0, and
that there exists A € C(RM*N) such that along each T}, the coefficients in AB; and
in AB, of 9; and of 0, have gradients which are independent of xj3 and which are

orthogonal to T;,. Then the weak operator £,: 30 — 3C* is bijective.

Note that the condition |¢; + ¢,;| > ¢, ensures that weak solutions have (weak)
edge values in L,, and that we have the maximum principle and the existence of
bounded solutions when N > 2.

THEOREM 5.2. Assume the hypotheses of Theorem 2.1, and that there is at most one
face on which the boundary condition is not of type (1.6)a), i.e., homogeneous
Dirichlet. Then the operator £,,: H — IC* is bijective.
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ReMARK. The case where all boundary conditions are of type (1.6)(b) (Neumann
or Robin) depends on the construction given in [S], and we postpone its discussion
till that point (cf. [5, Corollary 10.3 and Remark 10.2]).

PROOF OF THEOREM 5.1. That R(£,) = JC* is asserted in Theorem 2.1.

Let us consider uniqueness. Corresponding to the boundary value problem (1.1),
(1.6) are weak and strong extensions £, and £, defined in the obvious way (£; is
the closure in the graph norm of £). The uniqueness of weak solutions follows
immediately from the identity

L, =£, (5.1)

w s

which we now prove.
PrOOF OF (5.1). The problem can be localized by using a partition of unity, say
of Garding type:

u=2uj, U = d;u, 2@-2=1, ¢jEC°°(S_2),

so there is no loss in assuming that u has small support; outside of supp u, the
domain and operator may be modified at will, e.g. to ensure that the coefficients of
L are nearly constant and in fact are constant outside of a small region. Assume
this to have been done as needed.

In the cases N = 0, N = 1, it is well known that £, and £* are bijective. Since
the range R(£,) is closed, either it is all of JC*, or there is an element ¥ # {0, 0, 0}
in H () X LyT) X Ly(T") which is L,-orthogonal to R(£,), i.e. £*V = 0. But
this contradicts the bijectivity of £*.

We shall prove £, = £, next with N =2, and then use induction on N for
N > 2. Note that we can prove (5.1) either by showing directly that £, and £}
have trivial kernels, as we shall do in some steps, or because £, has a dissipative
adjoint, namely £*, by showing that £* has a dense range. Since £, = £ is
equivalent with £* = £*, it suffices to show that the range R(£,) is dense, as we
shall do in the other steps (in any case, the proofs for £ and £* are identical).

The case N =2 is the more delicate one, and is the only case where our
assumptions of translation invariance along edges enters. The proof when N = 2 is
divided into four steps. First we treat the case when M = 0; then we permit M > 0
but demand that the hypotheses of translation invariance hold everywhere rather
than just along the edge. The relaxation of this condition away from the edge is
done in stages—first the boundary condition is allowed to vary, and then the
equation as well.

Step 1. M = 0, N = 2. We need the following lemma:

LEMMA 5.1. Let N =2 and M = 0, and suppose that U = (u, ur, up.) € D(L,).
With e, = (1, 0) and e, = (0, 1), define for ¢ > 0,

U = (c1p + )" [cpu(e) + cpux(e) ], (5.2

Ugy = u(e) — uy(e), (5.3)

e = {x:x;, + x, =& x; > 0,x, > 0}. (5.9
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Then there is a special sequence € s 0 such that

lim [ (|u* + ¢|Vu’) ds =0, (55)
J—=o JTY
Jl_lfl; u[,j] = Uy (5.6)
lim u,(g) = lim u(g) = uy,, (5.8)
Jj—oo jooo
Tim s-'f u?ds < oo. (5.9)
Jj— Iy

ProoF. Note that (5.5) holds for almost all ¢ > 0; this follows directly from the
fact that « € H'(R), and (5.8) follows from (5.6) and (5.7). Note also that if > 0,
then u(te,) = u,(t), and u(te,) = u,(t). Define

Q, = O {x:x, + x, <e}.
Since U € 9 (£,) locally, away from the origin, u satisfies the analogues of (1.10)
and (1.15) in @,, and U satisfies the analogue of (2.2) in §,, with v any test
function. Except for terms that obviously tend to zero as g \ 0 along a special

sequence, the difference between (2.2) and its analogue in £, (with no special
boundary conditions substituted along I'®) is just

(e + cy)uppvy, — c 1214 (€)v(0, €)

— ¢y uy(e)v(e, 0) — fp(uD,v — vD,u) ds, (5.10)

with D, the conormal derivative along I'*. Choosing v = 1 in a neighborhood of the
origin, we find

lim (cp, + c)(uyy — u) + f D,uds =0. (5.11)
J—®© Iy

We estimate

pr,,u ds?

<eVZ [ |Duf’ ds,
I

which tends to zero because of (5.5). Since ¢, + ¢, ¥ 0, this implies (4.6). Now
represent u, as

u(e) \/_ (82 - a )u dg (5.]2)
application of Schwarz’ inequality and (5.5) to (5.12) yields (5.7).
To prove (5.9), let us represent u along I'® as

u(xy, € — x;) = uye) + fo "3, — d,)u(t, e — 1) dt

Eu(e) + u®. (5.13)
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Because of (5.8), u,(g) is uniformly bounded asj — oo, and hence
fmlu,(e)|2 ds = 0(s). (5.14)

Moreover,
@ 2 2
|u (xl,s—xl)| <\/_2£f|Vu| ds, 0<x <e,
I‘!
so that, by (4.5),

fr 9|u<2>(x)|2 ds <V2 ¢ fm|Vu|2 ds = 0(s,). (5.15)

Lemma 5.1 is proved.
We now claim that u satisfies (1.10), hence also (1.15), which implies (5.5). To see
it, consider, in QE/_ , the analogue of (1.10), with boundary form along I' given as

f uD,u ds. (5.16)
Iy

Because of (5.8), it suffices for our purpose to show that (5.16) tends to zero as
J — 0, as follows easily from (5.5) and (5.9).
Step 2. “Cylindrical” problems. Here N =2 and M > 0. We assume that all

coefficients a,;, a,,, ¢;, and c,, are independent of x, . .., x,,,,. The problem is
reduced to the previous case by applying to the weak solution a mollifier in the
“cylindrical” variables x,, . . ., x,,,,. Because of Step 1 and the properties of the

smoothing operator, the partially smoothed solution approximately solves the
original problem and permits formal integration by parts, thus satisfying the
analogue of (1.19). In the limit as the support of the mollifier shrinks to zero, we get
the uniqueness of the original weak solution, and, because the adjoint problem is of
the same type, (5.1). Details are left to the reader.

Step 3. More general boundary condition, N = 2. Suppose that the hypotheses of
Theorem 5.1 are satisfied with B = By + B,, where L, B, and B” together satisfy
the conditions of Step 2, and (B)), = 2 b;9;, i = 1,2, with b; =0 on I';; and
b, € C'. Assume that the coefficients a,,, a,,, 5, and ¢,;, which in Step 2 were
assumed to be independent of x,,, are actually constant, along with ay, and ag,. As
is justified by the fact that (5.4) is a local question, we assume that B, has small
support and coefficients bounded in C', independent of the size of that support.
We shall prove the existence of strong solutions directly by construction; together
with the same result for the adjoint problem, this implies uniqueness for both, and
hence (5.1).

We construct strong solutions of the perturbed problem by iterations:

Lun+l =f,
Byu"*' =g — Bu",

B'u"t'=h, u'=0, (5.17)



SECOND ORDER EQUATIONS OF FIXED TYPE. I 405

where (u"*!, u*!, u*") is a strong solution of (5.17). That strong solutions u"*!

exist follows from the assumption that the problem (L, B,, B”) falls under Step 2.

Denote the unperturbed and the perturbed problems by £,U < F and
(% + £))U = F, and let p; denote projection on the jth component in (, j = 1, 2,
i.e.,

pi(u, up, up) = u,  py(u, up, up) = up.
Convergence of the iterations (5.17) to a strong solution of the perturbed problem
follows from the existence of an a priori estimate of the form

| B (u"*! — u™)||p < 8||By(u” — u" Y|, 0<1,

i.e.,
| B172Lo (0, 2, 0)||r < Ogllr, & € Ly(D). (5.18)

We shall apply a standard coercive estimate (cf. [1], [3]) for solutions of the
half-space problem, namely

Wiy < C(ILWller + | Bulls /2y +{IW]ler)s (5-19)
where € is a half space with boundary T, for functions w with support in a fixed
hemisphere. Because of the dissipative nature of our problem, the term ||w||g on the

right-hand side of (5.19) can be dropped.
Let A be the pseudo-differential operator in xj, given as

A= (1 - a})l/z.

J>1

Because of the assumed partial translation invariance of L and of B, both
operators approximately commute with powers of A, and (5.19) can easily be
converted to

1A~ W@y < C(IA™'Lwlla +[|A7"Bowl|s /2y +WlIr)- (5:20)

Let us substitute in (5.20) the functions u, = ®u, 0 < e < 1, where ®° is a

Ce(R™~2) function satisfying ®°(x) = p(x,/e)p(x;) with g and p in Cg°, p, p > 0,

supp p = [3, 1], diam supp p = 1, and such that both p and p are positive on the
interior of their supports. Now if £yu = (0, g, 0), then

[A™2L®%u| < Cle>/|ul| + e="/2)|Vu|)) < Ce™*?g], (5.21)

|A™"2B,®%u]| < Cllg] (5-22)

with C > 0 independent of . Thus (4.20) implies
| A~ 2®%u||5q9, < Cie™*?|g], (5.23)

with C, > 0 independent of ¢. Because of our hypothesis, the coefficients of B, are
0 (&%) on supp ®*, and hence

| B\ ®ul|r, < C¢™"?g’||, e—0. (5.24)
Thus if B, has sufficiently small support, (5.18) obtains with § < 1.
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Step 4. N =2, the general case. Here we hold B fixed and perturb L. Let
L =Ly+ L, where (L, B, B”) satisfy the conditions of Step 3. We construct
strong solutions of the perturbed problem by the continuation method, using
successive iterative steps. Thus we need only show that the iterations ul =0,

Lu"™'=f— Lu",

Bun+l = g,

B"u"*! = p, (5.25)
converge when the coefficients of d,, and of 35, in L, vanish along I';, and all the
coefficients of L, are small with small support. In the present case, convergence of
the iterations (4.25) to a strong solution of the perturbed problem will follow from
an estimate of the form

||L1(u"+l — u”)||_l < 0||Ll(u" - u"“)||_l, (5.26)
i.e.,
||L1plﬁo_l(w, 0,0)||_, < 8w|-1 wE HY(Q), (5.26)
with # < 1. By adding a large constant to L (which leaves (5.1) invariant), we find
from (1.19),

P15 (%, 0, 0)]|; < COYw]|-y
where C? is arbitrarily close to C|/2, and C, is the constant in (1.15). We want
therefore to show that if 8 € C', and if either 8 = 0 on T, or if j, or j, > 2, then
B3;9;: H'(Q) > H\(Q)
is a bounded operator with bound estimated by the C' norm of 8. Since the 8’s we
will need support arbitrarily close to T';,, we can arrange uniformly for the €' norm
of B to be arbitrarily close to the maximum norm of |V 8|.

Because £, is the strong operator, it will suffice to consider the effect of 89,9,
on functions u € Cg°(R**™). Now

-1
”Bajlajzu"—l = Sup"vlll |('Baj|ajzu’ D)gl'
If j, orj, > 2, we integrate the inner product by parts with respect to that variable,

and get the desired result immediately. Suppose j, < 2 and j, < 2. Then an
integration by parts gives

(Bajlajzu, v)Q = — (ajlu, 3, ,Bv)n - (ajlu, :Bv)r,z' (5.27)

Here the first term on the right is bounded as desired. Let us consider the second
term. Without loss, suppose that j, = 1, and define

QY = {x:x; >0}, T® = {x:x, =0},
and define E, (E,”) to be the even extension operators from L,(Q) (L,(T') to
L(2®) (L,TM)), and define E, (E; ) to be the corresponding null extension
operators, e.g.,
(E,u)(x;, — x5 xp) = u(x), x €Q,
(Equ)(x) = 0, x, < 0.
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Since E, and BE, are bounded operators from H '(2) to H ('), we have, also using
the boundary condition if j, = 1,

" E~ aj,“”— 120 < cllulray
”Ee_BU”l/z(r(')) < C””“l(ﬂ)- (5.28)

Because E; 8, = 0 if x, < 0 and because the shift operator is continuous in H!/?,
(4.28) implies that the second term on the right in (4.27) equals (E,9; u, E5 Bv), o
and is estimated by c||u||;gq)llvll;g) as desired. This concludes the proof of (5.1)
when N = 2.

We turn to the case N = Ny > 2 and make the inductive hypothesis that (4.4)
holds with N =2,3,..., N, — 1.

Let U = (u, ur, ur.) be the bounded solution constructed in §3, and suppose that
V = (v, vp, vp) € D(LF). Let p: R — [0, 1] be smooth and satisfy

I, t>1,

and set p,(x) = p(¢~'|x[), e > 0. By the inductive hypothesis, p,U € D (£,) and
p,V € D(L*), since p, vanishes near

l"odgrﬂ{x:xl=x2=--- = xy = 0}.

As observed above, there is no loss in assuming that U has bounded support, in
which case the same can be assumed of V. Now

L.(p.U) =pL,U+[L,,p]U, (5.29)
and, since I, is a lower dimensional submanifold of " U T”, we have
.2, UL, U and pU— U, ase\0O.
Thus, by letting ¢ \y 0 in (5.29), we shall have established

LU V)—(UL*V)=0 (5.30)
once we show that

lim ([ £, p,]U, V) =0, (531)

and (5.30) implies that U lies in the domain of the adjoint £ of £*.
There remains to prove (5.31). Write

[E0]=2X (%pe)aj + (Tp,),

Jj>0

where T is a second order operator and the S;’s are first order operators. Then
([ 20)0 V) = (| S (5003 + (70 o)
>0
+ %( 2 cu(0p,)u, U)r .

1=k

Q
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Integrating by parts, we can write this as

([Eur pJu0) = [— S (Sp) + (Tpe)]v) + 0o ul. [o)p),  (532)

J>0
and (5.31) follows from (5.32) if we apply Schwarz’ inequality to each term on the
right-hand side of (5.32) and use the boundedness of # together with the estimates

m(supp Vp,) = O(¢’) inQ,
m(supp Vp,) = O(¢*) inT,
Ved= 6, [V9p) = O(e2),

and

f o2 dX = O(e).

supp(Vp,)
The last estimate follows from the facts that v € H ~ (), which implies

J

|of dX/dx, < C|of;, & >0,
x;=8
and that supp(Zp,) C {x: 0 < x; < e}.

Sketch of proof of Theorem 5.2. As before, Theorem 2.1 asserts that R(£,) = IC*.
We shall show directly that £, is one-to-one; together with the same result for the
adjoint problem, this implies that 7, = T,. The method is as follows. Approximate
the domain by domains 2, = € and which have piecewise planar boundaries, as
follows. Let Z be the set of N + M-tuples a whose components a; are 1 or 0, with

at least two entries equal to 1, and with a; = 0if j > N. Let
=MN{xEQUx-a>e}, T, =09, I?=I\T,
aEZ

and suppose that £ u = 0. Because u vanishes on at least N — 1 faces of I', we can
represent u on any planar component I'* of I'? as

u(x) = fasu(x) ds,

with d,u some directional derivative within I'? of u, and where u vanishes at the
initial point of the integral. Thus we find

ll#lre < Ce]|3,u||re,
which implies

l [ uD,u| < Ce|Vule, (5:33)
0

where D, is the conormal derivative along I?. As in the proof of Theorem 5.1, we
conclude that since the right-hand side of (5.33) tends to zero with ¢, so does the
left-hand side, and hence that in the limit, formal integration by parts is justified,
1.e., u satisfies (1.19) and (1.20). Thus ¥ = 0, as claimed.
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6. Extensions to L + A. In dealing with evolution equations, we shall want the
following ‘complex’ extension of most of the results of §§1-5.

THEOREM 6.1. Let the hypotheses of any of Theorems 1.1, 2.1 or 5.1 hold. Consider
the same boundary value problem, but with L replaced by L + X\, Im A > 0. Then,
with the following changes, the conclusion of the theorem remains valid:

(a) In (1.15), (1.16), and (2.6), K is replaced by K + Re A,

(b) In (2.8), the inner product is a complex one. We note the extended estimates by
(1.15),, (1.16), and (2.6)..

SKETCH OF PROOF. Denote the complex valued version of the above theorems by
Theorems 1.1, 2.1, 5.1.. To prove Theorem 1.1_, we repeat the proof of Theorem 1
using the real parts of complex inner products in place of real inner products. To
prove Theorem 2. we repeat the proof of Theorem 2, but with complex inner
products, and with K in (2.6) replaced by K + Re A. The proof of Theorem 5.1
remains the same, but the existence of strong solutions is derived from the result
for A = A, real by the ‘continuation’ method, that is, by successive small perturba-
tions of A; at each step, the problem is solved by iterations of the form

(L=A)"""=@( =N, Du"+f r=01...,0<00,A,=A

I1. EVOLUTION EQUATIONS

7. The parabolic case. For simplicity, we consider in this chapter only time
independent equations and boundary conditions. Let L, £, B, B”, Q, T, I, T'” be as
described in Chapter I, and assume the hypotheses of Theorems 1.1, 2.1 and 5.1.
Let 2* = R, X Q have coordinates (¢, x), € R, and let * have boundary

a* =T* =T§ UTY,
where '} = R, X I, T = {0} X ©, and let
't =R, xI", T’* =R, xI".

Let £, be the restriction of £ to functions satisfying homogeneous boundary
conditions, with domain considered as the first component of D(£), i.e., D(£,) C
L,(2). As a consequence of Theorems (1.1),, (2.1),, (5.1),, and in particular the
estimate (1.16)., we have

PROPOSITION 7.1. If Re A < K — K, then the resolvent

Ry(Bo) = (A — &)~
satisfies the inequality
|R(Lo)]| < (K — Koy — Re A) ™. (7.1)
Consequently the operator
Lo =6 — 2

generates a strongly continuous semigroup of operators provided Re z < K — K,
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The solution of the analogous inhomogeneous mixed problems
@, + Lyu=f inQ",
Bu=g onT", B"u=h onT"*,
u=u, only, (7.2)
can be shown to exist by an extension of the methods of Chapter I.
Integration by parts as in §1 leads to the a priori estimates

2 2 2
192l + (K = Dl + s
o0
<G [T e e+ sl + AR + ol (119)°

lula < (K = K|\ fa- (1.16)*

Weak solutions are defined in the obvious way: if 6, + L = M and the corre-

sponding weak operator is denoted by 9N, then the domain of M, is Ly(R,; IC),

and its range is L,(R,, 3C*) X Ly(Ty). The uniqueness of weak solutions is settled
by first smoothing in the ¢ direction, with a shift:

u =e"! f J((t = ¢ = 2€)/e)u(t’, x) dt’,

where j € C;°(R), with range in R, , support in [1, 1], and integral equal to 1. If u
vanishes for ¢+ < 0, so does u,, and thus, because of the translation invariance in ¢
of the differential operator and of the remaining boundary operators, u, approxi-
mates « in the graph form. Since u, is smooth in the ¢ direction, u,(¢, -) admits £,
for all ¢; this reduces the problem to showing the validity of the energy estimates
for elements in the domain of £_. But this follows from the results of §§3 and S.

8. The hyperbolic case; a priori estimate. The equation has the form

N+M
Mu = —r%r + 21 ate + ag=f, (8.1)
j=
where the a’s satisfy the same conditions as in §1, except that they include
t-differentiations:

N+M
a; = a0, + kZ i (x)9; + ajp(x),

N+M
T=0,+ X m(x)9 + 1o(x)
k=1

satisfies the same conditions as the aj’s, Jj >0, and the vectors 7, o =
(1> s Tvam)s (@ - - o5 Gvaany) J =1,..., N + M, are mutually orthogonal.
Note that all coefficients are assumed to be independent of ¢.

We assume further that 91U is hyperbolic with the hyperplanes {¢} X R
uniformly spacelike for ¢ > 0, and that the time-reduced equation is uniformly
elliptic in Q*. For convenience, the hyperbolicity of 9L will be assumed in the

following form:

N+M
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Let 7', & be the principal parts of 7, @, « = 1, ..., N + M. Then, the form

N+M

o(t, x; du, Vou) =[u)* + 3 Iozj‘ul2
j=1

N+M R N+M
- j§l TJ?|aju| +2 j;l ajo(a,u)(aj'u)

is strictly and uniformly positive in Q7 :
o(t, x, du, V. u) > q(|d,u]’ +|V.u*),  go > 0, g fixed.
LetQ"=[0, T} x 2, T7=[0,T] x I, IT =0, T] X T}, and I‘ﬁ = [0, T] X T,
T >0,and let @, = {T} X Q, T € R. We derive an energy estimate for solutions

of the mixed problem for 9 by integrating by parts the form 2(3,u, IMu)gr, with
u € C3(RVN*M):

2(9,u, Mu)gr = 2{(8,14, du)gr + 2 (Qu, atayu + agu),r
Jj>0

*
- (a,u,( > 'rjaj) > frjaju) - 2(6,14, > 'rjaja,u) }
o7 a7

Jj>0 j>0 Jj>0

T
=f0 a,{(u,, u)g, + Eo(aju, au)g — 2 (19u, 'rjaju)al} dr
j>

Jj>0
N
+ 2 (a,u, ( 2 ajkaj - 27,7 — %k)“)
k=1 Jj>0 7
Qr

+(a,u, (,-2 a0, — aoo)u)

>0

Q

+2(8tu, 20 (aj'rj)a,u) + (ao(o)u, u)g:-
Jj>

91'

Hence
k
23,u, Mu)gr = Q(t; w)|o + X (3,u, Dyu)gr
j=1
+Q°%t; w)|o + 2(8,u, ( > ajrj)a,u) (8.2)
Jj>0 QT

where

Q(t; u) =f Q(t, x; d,u, V., u) dx,
Q,

D, = 2 Ry & — 27T — agy,
i>0
and |Q°(1, w)| < Cllullg, IV, ullg,, with C fixed and Null3 = (u, u)g.
We assign Cauchy data on £,:

u(0, x) = uy(x), 9,u(0, x) = u,(x),
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and on each I',, a boundary condition of one of the forms

(@) u =0,
(b) Du =¥ (X)u, + n(x)u — g(x, 1),
(¢) Du= Cou+ Y (x)u+ p(x)u — g(x,1), (8.3)

where C, is a tangential first order operator:

Ci = o(X)3, + X cy(x)3;,
Ik

and ¥, > 0; here ¢y, ¢, ¥y, ¥ are all assumed to be in @', uniformly in x. Along
Tii = U 750k 1 <jok <N, we assume that ¢, + ¢, is either identically zero,
or is bounded away from zero. Define

Iv+

U {(t, x) ETj: ¢ + ¢y <0},
't = U {(t,x) €ETx: ¢4 + ¢; >0},
D =+ OI7, "M =T"*AI7,
and let |y, + ¢;j| >c, >00onT"* N T”*. Along I'"* we assign
(cjk + ckj)u, = h(x). (84)
Substitution of the boundary condition (8.3) into (8.2) gives

k
2(0,u, Mu)gr = Q(t; “)lg + 2 @Bu, Bu— gr,
Jj=1

k
+0°%u)|, +2(a,u, S (ajg)a,u) , (8.5)
Jj>0

Qr

where
Br = (C, + Y(x))9, + »,(x), in the cases (8.3)(b),(c),
B, = 0 for the boundary condition (8.3)(a).
Integration by parts gives

(9,u, ,Bk“)r‘k = (0,u, 'Yka:“)r{ + %{(a,“, Ckoa:“)rk,(r) - (u, Ck,our)rk_(o,

+ (4, ), ., — (4, vku)rk_(o)}, (8.6)

where
1
%=¥ -3 k§>o(a,ck,) and T, =T} UdQ, (8.7)
We add the assumptions
Y(x) 2 v 2 0, ¥, fixed, (8.8)

ifyo=0 g=0. (8.9)
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Let us substitute (8.6) into (8.5) and apply Schwarz’ inequality on the left-hand
side of (8.5). The result can be written

O(T; u) + (3,u, Y3,u)r + Q%T; u)
+ 3,4, B Wr, o, + 3,4, (e + €)W, + (u, veu);
< Ci(Qu, Ju)g, + Cy(Mu, Mu)a, + e(d,u, d,u)rr
+e(g, ghrr + Q(0; u) + Q(0; u)
+3 (@, o), 0 T (4 Ve, + 334, B)pucry, (8.10)

k(T)

where v, > e >01if vy >0, e =0if y,=0, and eV =¢g"life>0 e D=0if
e = 0. In the sequel, ¢ will be held fixed.
Denote the left-hand side of (8.10) by Q(T; u), and set

Q,)\(T;-u) = Q~0(7}u) — e(9,u, 9,u) + Mu, u)a,, AER
Because of the estimate
| Q% Tyu)| +|(u, meui)r, )| < €Q(T; ) + ™ '(u, u)e,, 0<e<1, (811)
Q.. is strictly positive for A sufficiently large, say, A > Ay, in the sense that
Qe,x(T;'“) > G,(0,u, du)gr + §(V,u, V. u)gr
+ 333, 3u)prs + GOyt ), o, (8.12)

with §,, §, and §, > 0, and some §, > &(1 — &).
Because of (8.12) and the facts that

lulia, = llulla, < lullar +[3.ullgr

and
(u’ hu)F” > C;l(h’ h)I"’,

(8.10) implies also
1 (T 2 (T
0.x(T) < 00 ) + CA [ Qs Wy de + CA [ G dr,  (8.13)
0 0
where
%) = (£, e, + (& &), + (A, B)r:,

with f= Mu, T, =T, N 02, T, =T" N 9Q,.

Hence we can estimate by Gronwall’s inequality

Q0.A(T; u) < (exp CGL\T){ Cj,\fTexp(— CAhT)F(7) dr + Q,,\(0; u)},

()

T >0. (814
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with any ¢ > — C,,, multiply both sides of (8.14) by exp((—o — C,L\) T) dT, and
integrate from 0 to oo; this leads to

fow exp(— (0 + C\)T)Q,A(T; u) dT
<o7c3{Qn@ 0+ [T ew((—o - CHTED T} @19)

Since the equation and boundary condition have real coefficients, and since Q.
is a real symmetric form, the inequalities (8.14) and (8.15) extend immediately to
complex valued u provided we redefine Q,, and ¥ with conjugate bilinear forms
replacing real quadratic forms. In the sequel we shall assume this has been done.

In summary, we have

THEOREM 8.1. Let 9N be a second order hyperbolic operator as described above.
Let u € C3(R™*N*") satisfy boundary condition along T* and T” given by (8.3) and
(8.4), and assume that (8.1), (8.8) and (8.9) hold. Then u satisfies (8.14) with any
T > 0, and (8.15).

REMARK. In the above analysis, we could have permitted »; to depend on ¢,
Jj=1, , N; the only difference would be the appearance of an additional term
in the right-hand side of (8.10), namely

% % (u’ (atvk)u)l‘['

Since this term can be estimated by CfJ Q(¢; u) dt, estimates of the form of 8.13)
and (8.14) would again hold.

9. The hyperbolic case. Existence of strong solutions.

THEOREM 9.1. Let 9N be as in §8, and assume either that N = 2, or that for the
time reduced problem, the hypotheses of Theorem 3.1 hold. Then the equation (8.10)
with boundary conditions

(a) YMu=f inQ*,
(b) u=0o0rBu=g onTH, 9.1
(c) B'u=h onT"*,
with
B=-D,+Co,+V¥,0,+vy, g=g onl},
B" =¢, +¢; onT"*,
has a strong solution in satisfying (8.14) and (8.15) with F as given below equation

(8.13), provided (8.1), (8.8) and (8 9) hold, and provided the right-hand sides of (8.14)
and (8.15) are finite. Here A, ¢, C, )\ and C, depend on B and 9, but are independent

of u.
By a strong solution, we mean one which can be approximated in the graph

norm by functions u; € C®(RY¥*M*1) such that for all T > 0, the restriction of
the support of u; to [0, T] X R¥*!is bounded.
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PrROOF. Abbreviate (9.1) as Tu = F. Since smooth data are dense, it suffices to
consider data in & and homogeneous initial conditions;

u(0, 1) = 0,u(0, ¢) = 0.
We solve by taking a Fourier transformation in ¢:

(277)_1f°° e (1, -)dt = a(r,-), Im7<0,

where u has been extended to vanish for ¢+ > 0. This puts the problem (9.1) into the
form

oM, 4=F inQ,

Bia=g onTl,

B'i=h onI”, 9.2)
where M, = e~ “"Me""; note that (9.2) is an elliptic problem. If Re 7 = 0, then
(9.2) is a problem of the type considered in §§1-5, except possibly for scalar
multiples in the leading terms of B, and of B,. We abbreviate (9.2) as

T,a=F, F,={f(r;),8(r; ) h(r; )} (9:3)
With
Im 7 = 6 < min(0, C,,/2), 9.4)
define
u (t, -) = e, -),

and note that

70, (15 4,) = Q,(r, -). (2)
is independent of ¢, and
Tu/(t; ) = e™T,i(r,). (b)
Let us apply the inequality (8.14) to the function u, with ¢ in place of T, and let
t — + 00. In the limit, using (a) and (b), we find
Q,4(r, -) < CA(C/5 + 20) 7 '||F| 9.5
On the other hand, because of Theorems 1.1, 2.1, and 5.1, if ¢ is sufficiently large
negative, say 0 < — |gp|, the equation
Ti;o = F;,
has a solution v,, satisfying 1.15 and, if applicable, (1.16). The identity of £, with
£, (Theorem 6.1) implies that v,, admits £, and satisfies (9.4). By the continuation
method, then, we can establish the existence of u,, for any 7 satisfying (9.4);
moreover, u,,, satisfies (9.5).
We claim that the inverse Fourier transform u of u,,, satisfies our problem:

u(t, ') =feil(“+w)u(p+ia)(') dp"

where o satisfies (9.4). That u, , ;, satisfies the equation and boundary condition is
immediate. We need to verify that » has support in ¢t > 0 and that u has zero
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Cauchy data. Clearly () = u_,, is holomorphic in 7 for Im 7 < — |g,|. Because

f|FM+,.‘,|2 dp < f|F(t)|2 dt

uniformly for o obeying (9.4), we conclude from (9.5) together with the one-sided
Paley-Wiener theorem that Q, ,(¢; u) = 0 for ¢t < 0. Finally, the smoothness of the
data implies that Q varies smoothly in ¢, so that Q,,(0; u) = 0, and hence u has
zero Cauchy data.

REMARK. We might equally well have proceeded by constructing a weak solution
in {(¢, x) € Q*: 0 <t < T} by variational methods as previously.
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